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We develop a master equation approach to study the backaction of quantum point contact (QPC)
on a double quantum dot (DQD) at zero bias voltage. We reveal why electrons can pass through
the zero-bias DQD only when the bias voltage across the QPC exceeds a threshold value determined
by the eigenstate energy difference of the DQD. This derived excitation condition agrees well with
experiments on QPC-induced inelastic electron tunneling through a DQD [S. Gustavsson et al.,
Phys. Rev. Lett. 99, 206804(2007)]. Moreover, we propose a scheme to generate a pure spin
current by the QPC in the absence of a charge current.
PACS numbers: 73.21.La, 73.23.Hk, 72.25.Pn
I. INTRODUCTION
Recent technological advances have made it possible
to confine, manipulate, and measure a small number of
electrons or just one electron in a single or double quan-
tum dot (DQD).1–4 In most experiments, the electron
occupancy in a quantum dot is usually measured by a
local quantum point contact (QPC) charge detector.5,6
In such a system, the backaction of the charge detector
to the DQD is of particular interest.
Several previous theoretical works (see e.g., Refs. 7–
9) involving this coupled DQD-QPC system mainly fo-
cus on the QPC-induced decoherence of the electronic
states in the DQD. Recently, the impacts of the backac-
tion on the electron transport through a zero-bias DQD
were experimentally investigated.10,11 It is suggested that
the QPC emits photons which can be absorbed by a
nearby zero-bias DQD. The photon absorption process
at the same time induces the interdot electronic transi-
tions inside the DQD and then changes the DQD oc-
cupancy, which can be measured by the QPC. These
works show how strong the backaction of a detector on
a qubit is and provide an efficient solid state implemen-
tation for the detection of a single photon. More impor-
tantly, the experiments show that these interdot transi-
tions can only be driven when the energy |eVd| (with e
the charge unit and Vd the bias voltage across the QPC)
emitted by the QPC exceeds the eigenenergy difference
∆ of the DQD, rather than the energy difference ε of the
local orbital levels in the two dots [see Fig. 1(b)]. This
means that, if |eVd| ≤ ∆, the interdot transitions can-
not be driven. Previously suggested mechanisms based
on current fluctuations through the QPC for interpreting
the inelastic transition in Ref. 10 involve a perturbative
approximation10,12,13 which is valid for a weak interdot
coupling. An alternative mechanism11,14 considering the
QPC as an effective bosonic bath of the DQD was also
proposed to describe the underlying physics. However,
how this effective bosonic bath is related to the QPC is
not explicitly demonstrated.
In this paper, we theoretically analyze the backaction
FIG. 1: (Color online) (a) Schematic diagram of a DQD con-
nected to two electrodes via tunneling barriers. A QPC used
for measuring the electron states yields backaction on the
DQD. (b) QPC-driven interdot electronic transition between
two DQD eigenstates with an energy difference ∆. The en-
ergy detunning ε between the two single-dot levels (dashed
lines) can be varied by tuning the gate voltages.
of the QPC on the DQD. Starting from a microscopic de-
scription of the whole system, we derive a master equa-
tion (ME) based on the eigenstate-basis of the DQD
to describe the quantum dynamics of the DQD. Simi-
lar eigenstate-basis ME was used by Stace and Barret15
to study the QPC-induced decoherence properties of the
DQD. We show that this ME approach provides a sat-
isfactory theoretical understanding of the backaction of
the QPC on the DQD. In particular, experimental ob-
servations of the inelastic electron tunneling through a
zero-bias DQD driven by a nearby QPC10,11 can be well
explained. Moreover, we propose an approach for gener-
ating a pure spin current through a DQD. Interestingly,
this spin current is driven by the nearby QPC and can
occur without a charge current.
This paper is organized as follows. In Sec. II, we model
the coupled DQD-QPC system and derive a master equa-
2tion to describe the quantum dynamics of the DQD in the
presence of the charge detector. As shown in Sec. III, this
master equation naturally yields the main condition un-
der which the electron in the DQD can be excited by the
QPC. In Sec. IV, we show that the current through the
DQD can be induced by this QPC even when the DQD is
at zero-bias voltage. Specifically, this QPC-induced cur-
rent is proportional to the capacitive coupling strength
between the DQD and the QPC. In Sec. V, based on the
same excitation mechanism by a nearby QPC, we pro-
pose a scheme to generate a pure spin current through a
zero-bias DQD. Finally, we conclude in Sec. VI.
II. CHARACTERIZATION OF A DQD
COUPLED TO A QPC
For a DQD, both intra- and inter-dot Coulomb repul-
sions play an important role in the Coulomb-blockade ef-
fect (see, e.g., Ref. 16). Here we consider the regime with
strong intra- and inter-dot Coulomb interactions so that
only one electron is allowed in the DQD (see Fig. 1). The
states of the DQD are denoted by the occupation states
|0〉, |1〉, and |2〉, representing respectively an empty DQD,
one electron in the left dot, and one electron in the right
dot. The total Hamiltonian of the system is given by
Htot = HDQD +HQPC +Hdet +Hleads +HT, (1)
where (we set h¯ = 1)
HDQD=
ε
2
σz +Ωσx, (2a)
HQPC=
∑
kq
ωSkc
†
SkcSk + ωDqc
†
DqcDq, (2b)
Hdet=
∑
kq
(T − χ1a†1a1 − χ2a†2a2)(c†SkcDq +H.c.), (2c)
Hleads=
∑
s
ωlsc
†
lscls + ωrsc
†
rscrs, (2d)
HT=
∑
s
(Ωlsc
†
lsa1 +ΩrsΥ
†
rc
†
rsa2 +H.c.). (2e)
Here HDQD, HQPC, and Hleads are the free Hamiltonians
of the DQD, the QPC, and the electrodes connected to
the DQD respectively. In Eq. (2a), ε is the energy de-
tuning between the two dots and Ω is the interdot cou-
pling. cSk (cDk) is the annihilation operator for elec-
trons in the source (drain) of the QPC with momentum
k, while cαs is the annihilation operator for electrons in
the αth (α = l, r) electrode. Moreover, σz = a
†
2a2− a†1a1
and σx = a
†
2a1 + a
†
1a2 are Pauli matrices, with a1 (a2)
the annihilation operator for electrons staying at the left
(right) dot. Hdet describes the electrostatic DQD-QPC
coupling, in which T is the tunneling amplitude of an
isolated QPC and χ1 (χ2) gives the variation of the tun-
neling amplitude when the extra electron stays at the left
(right) dot. Usually one has χ1 < χ2 since the QPC is
located more closely to the right dot. Furthermore, HT
gives the tunneling couplings of the DQD to the two elec-
trodes and it depends on the tunneling coupling strengths
Ωlk and Ωrk. In Eq. (2e), we have also introdued the op-
erators Υr, Υ
†
r to count the number of electrons that have
tunneled into the right lead.17
First, we diagonize the Hamiltonian of the DQD as
HDQD =
∆
2
(|e〉〈e| − |g〉〈g|) = ∆
2
σ(e)z , (3)
where ∆ =
√
ε2 + 4Ω2 is the energy splitting of the two
eigenstates of the DQD given by |g〉 = α|1〉 − β|2〉, and
|e〉 = β|1〉 + α|2〉, with α ≡ cos θ/2, β ≡ sin θ/2, and
tan θ = 2Ω/ε. This eigenstate basis will be adopted in
all the following calculations. To describe the dynamics
of the system, we derive the ME starting from the von
Neumann equation
ρ˙R(t) = −i[Htot, ρR], (4)
with ρR the density matrix of the whole system. In the
interaction picture defined by the free Hamiltonian
H0 = HDQD +HQPC +Hleads, (5)
the interaction Hamiltonian HI = Hdet +HT is given by
HI(t) = A(t)Y (t) +HT(t), (6)
where
A(t)=
3∑
n=1
Pne
−iωnt, (7a)
Y (t)=
∑
kq
[c†SkcDqe
i(ωSk−ωDq)t +H.c.], (7b)
HT(t)=
∑
s
[
c†ls(αage
−i∆t/2 + βaee
i∆t/2)eiωlst +Υ†rc
†
rs
× (−βage−i∆t/2t + αaeei∆t/2)eiωrst +H.c.
]
. (7c)
In Eq. (7a), we have defined
P1 = −αβ|e〉〈g|, P2 = −αβ|g〉〈e|,
P3 = T − (χ1|e〉〈e|+ χ2|g〉〈g|) + α2χdσ(e)z , (8)
with χd = χ1 − χ2. Also, we have chosen ω1 = −ω2 =
−∆, and ω3 = 0. Integrating the von Neumann equation
within the Born-Markov approximation and tracing over
the degrees of freedom of the QPC and the two electrodes,
one obtains18
ρ˙(t) = TrR
(
− i[HI(t), ρR(0)]
−
t∫
0
dt′[HI(t), [HI(t
′), ρR(t)]]
)
. (9)
Following the experimental conditions, we consider a zero
bias across the DQD. We also set µL = µR = 0 [see
3Fig. 1(b)] although other values of µL and µR satisfying
∆/2 > µL > −∆/2 give identical results . Substituting
HI(t) shown in Eqs. (6) and (7) into Eq. (9), neglect-
ing the fast-oscillating terms (which are proportional to
e±i∆t), and converting the obtained equation into the
Schro¨dinger picture, we obtain the ME:17
ρ˙(t)=−i[HDQD, ρ(t)] + Ldρ(t) + LT ρ(t) + γD[a†gae]ρ,
(10)
with
Ldρ(t) = 2pigSgD
3∑
i=1
{D[Pi]ρ(t)Θ(eVd + ωi)
+D[P †i ]ρ(t)Θ(−eVd − ωi)
}
,
LT ρ(t) = ΓLα2D[a†g]ρ+ ΓLβ2D[ae]ρ
+ΓRβ
2D[a†gΥr]ρ+ ΓRα2D[aeΥ†r]ρ. (11)
The notation D acting on any operator A is defined by
D[A]ρ = AρA† − 1
2
(A†Aρ+ ρA†A). (12)
Also, ΓL(R) = 2pigL(R)Ω
2
lk(rk) is the rate for electron
tunneling through the left (right) barrier and Θ(x) =
(x + |x|)/2. gi (i = S,D,L, or R) denotes the density
of states at the QPC source, the QPC drain, the left
DQD electrode, or the right DQD electrode, which is
assumed to be constant over the relevant energy range.
Furthermore, to allow for the couplings of the DQD to
other degrees of freedom, such as hyperfine interactions
and electron-phonon couplings, we phenomenologically
include an additional relaxation term [the fourth term in
Eq. (10)] describing transitions from the excited state |e〉
to the ground state |g〉.
III. QPC-INDUCED EXCITATION CONDITION
Below we use the ME to derive the electron tunneling
rates into and out of the DQD at zero bias voltage. From
Eqs. (10) and (11) and the relations
〈n|Υ†rΥrρ|n〉 = ρ(n), 〈n|ΥrΥ†rρ|n〉 = ρ(n),
〈n|Υ†rρΥr|n〉 = ρ(n−1), 〈n|ΥrρΥ†r|n〉 = ρ(n+1),(13)
we obtain the n-resolved equation of motion for each re-
duced density matrix element:
ρ˙
(n)
00 = −Γ1ρ(n)00 + ΓLβ2ρ(n)ee + ΓRα2ρ(n−1)ee ,
ρ˙(n)gg = ΓLα
2ρ
(n)
00 + ΓRβ
2ρ
(n+1)
00 − Γaρ(n)gg + (Γe + γ)ρ(n)ee ,
ρ˙(n)ee = −Γ2ρ(n)ee + Γaρ(n)gg − (Γe + γ)ρ(n)ee , (14)
where n is the number of electrons that have tunneled
through the DQD via the right tunneling barrier at time
t, so that ρij =
∑
n ρ
(n)
ij (i, j = 0, g, e). In Eq. (14), we
FIG. 2: (Color online) (a) Tunneling rate Γout as a function
of both the energy detuning ε1−ε2 and the QPC bias voltage
Vd. The hyperbolic curves mark the two eigenenergy levels
of the DQD. (b) Tunneling rates Γin and Γout versus the en-
ergy detuning. We use the typical experimental parameters
in Ref. 10: Vd = −300 µeV, Ω = 32 µeV, ΓL = 1.2 kHz,
ΓR = 1.1 kHz, T = 0.5, χ1 = 0.028 T , χ2 = 0.05 T , and
1/γ = 2 ns.
have defined the QPC-induced excitation and relaxation
rates:
Γa,e = 2pigSgDχ
2
d(αβ)
2[Θ(eVd∓∆)+Θ(−eVd∓∆)]. (15)
as well as the tunneling rates Γ1 = ΓLα
2 + ΓRβ
2, and
Γ2 = ΓLβ
2 + ΓRα
2.
The environment-induced relaxation rate2 γ (∼1 ns) of
a DQD is typically much larger than the available mea-
surement bandwith of the QPC, so that transitions be-
tween the ground state |g〉 and the excited state |e〉 can-
not be directly registered by the detector. However, using
time-resolved charge-detection techniques, one can mea-
sure whether the DQD is occupied by an extra electron or
not, so that the measured time traces show two levels.10
From these traces, one can extract the rates of electrons
tunneling into and out of the DQD, i.e., Γin = 1/〈τin〉
and Γout = 1/〈τout〉 with τin and τout being the waiting
times for the corresponding tunneling events. At steady
state with ρ˙ij(t→∞) = 0, the number of electrons com-
ing from the left lead to the DQD should be equal to the
number of electrons going out of the DQD to the right
lead. Thus, one has the equilibrium relation:
Γinρ00 = Γout(ρgg + ρee). (16)
For an initially empty DQD, |0〉, the first term of the
first equation in Eq. (14) implies that Γin = Γ1. Using
4also the steady state solution of Eq. (14), straightforward
algebra gives
Γout=
ΓaΓ2
Γ2 + Γe + γ
. (17)
As expected, the rate for electrons tunneling out of the
DQD is proportional to the QPC-induced excitation rate
Γa. Using Γa obtained above, it follows from Eq. (17)
that
Γout =
2pigSgDχ
2
d(αβ)
2Γ2[Θ(eVd −∆) + Θ(−eVd −∆)]
Γ2 + Γe + γ
.
(18)
We emphasize that this excitation process occurs (i.e.,
Γout > 0) only when the energy emitted by the QPC is
larger than the eigenenergy difference of the DQD, i.e.,
|eVd| > ∆. (19)
Otherwise, if |eVd| ≤ ∆, Γout is always zero and no ex-
citation process happens. This agrees well with the ex-
periment in Ref. 10. More importantly, we note from
Eq. (18) that
Γout ∝ χ2d = (χ1 − χ2)2, (20)
which clearly implies that the QPC-induced excitation
results from the electrostatic coupling between the DQD
and the QPC. Figure 2(a) plots the rate Γout as a func-
tion of both the QPC-bias voltage Vd and the energy
detunning ε1− ε2 of the DQD. Figure 2(b) gives the cal-
culated rates for electrons tunneling into and out of the
DQD as a function of the energy detunning. For almost
symmetric tunneling couplings, i.e., ΓL ≃ ΓR, the rate
Γin is almost constant and Γout depends strongly on the
energy detunning.
IV. QPC-DRIVEN CHARGE CURRENT
THROUGH THE DQD
Without a nearby QPC, an electron can enter the
empty zero-bias DQD, but should be trapped by the
DQD. This leads to zero current through the DQD. How-
ever, the QPC can induce an excitation from the ground
state |g〉 to the excited state |e〉 [Fig. 1(b)], from which
the electron leaves the DQD. When this cycle repeats, a
finite current flows through the DQD. Below we study
this QPC-induced charge current when the couplings be-
tween the DQD and the two electrodes are strongly asym-
metric, i.e., ΓL ≫ ΓR, as investigated by Gasser et al..11
The charge current Ic(t) through the DQD at time t is
Ic(t) = e
dN(t)
dt
= e
∑
n,i
nρ˙
(n)
ii , (21)
where N(t) is the number of electrons that have tunneled
into the right lead. From Eq. (14), we get
Ic(t) = eΓR(α
2ρee − β2ρ00). (22)
FIG. 3: (Color online) QPC-driven static charge current Ic
through the DQD as a function of the energy detuning for
different QPC voltages. (a) Vd1 ∈ [0, 1000] µeV, Vd2 = 0, and
χd1 = χ1L−χ2L = 0.022 T1; (b) Vd2 ∈ [0, 1000] µeV, Vd1 = 0,
and χd2 = χ1R − χ2R = −0.029 T2. Other parameters are
ΓL = 0.5 GHz, ΓR = 7.8 MHz, Ω = 35 µeV, T1 = T2 = 0.5,
and 1/γ = 5 ns.
At steady state, the current becomes
Ic =
eΓLΓRΓa(α
2 − β2)
Γa(ΓL + ΓR) + Γ1(Γe + γ + Γ2)
. (23)
In Gasser et al.’s experiment, the DQD is coupled to
two QPCs, i.e., one QPC is adjacent to the left dot and
the other to the right dot. This can be characterized by
replacing HQPC and Hdet in Eqs. (2b) and (2c) by
HQPC =
∑
i
HiQPC=
∑
kqi
ωSkic
†
SkicSki + ωDqic
†
DqicDqi,
Hdet =
∑
kqi
(Ti − χ1ia†1a1 − χ2ia†2a2)(c†SkicDqi +H.c.).
(24)
Here HiQPC is the Hamiltonian of the ith (i = L,R) QPC
and χ1i (χ2i) gives the variation of the tunneling ampli-
tude of the ith QPC when the extra electron stays in
the left (right) dot. From Eq. (23), one notes that the
charge current is determined by χ2d, which characterizes
the coupling strength between the DQD and the QPC.
In Fig. 3, we plot the charge current versus energy
detunning for various QPC voltages. Here we choose the
current direction from the left to the right to be positive.
Comparing Fig. 3(a) with Fig. 3(b), one sees that the
current is more pronounced for a larger value of χ2d. This
is because the QPC-induced excitation becomes stronger
when χ2d is larger. Furthermore, the asymmetry of the
current with respect to the energy detuning ε1 − ε2 can
be explained as follows. When ε1 > ε2, one has α <
β and electrons tunnel from the right electrode to the
left one via the DQD. In contrast, electrons tunnel in
the opposite direction when ε1 < ε2. In the latter case,
however, a small tunneling rate ΓR will partially block
the current, which leads to the asymmetry of the current.
These features were clearly observed in the experiment.11
5FIG. 4: (Color online) QPC-induced charge (Ic = I↑ + I↓)
and spin (Is = I↑ − I↓) currents through a DQD when a
static magnetic field is applied at the left dot. Here ΓL =
ΓR = 7.5 MHz and the Zeeman splitting is ∆z = 20 µeV. The
other parameters are the same as those in Fig. 3(a). Inset:
Schematic diagram of the energy levels in the DQD at ǫ1 = ǫ2.
V. NOVEL SPIN-CURRENT GENERATOR
Finally, we propose a new scheme to generate a pure
spin current through the DQD by applying two differ-
ent static magnetic fields in the quantum dots. Unequal
magnetic fields in the two dots can be realized by plac-
ing a Co micromagnet near one dot of the DQD.19 When
the eigenstate energy difference ∆ becomes spin depen-
dent, the QPC-driven excitation rate depends on the spin
states. A spin-polarized current through the DQD can
be generated. Here we consider the case with a static
magnetic field Bz applied only at the left dot. General-
izing the ME in Eq. (14) to take into account the spin
degrees of freedom, the current due to electrons with spin
σ (=↑, ↓) is given by
Iσ =
eΓLΓRΓ
σ
aΓ
σ¯
aΓ
σ¯
2 (α
2
σ − β2σ)
Mσ
, (25)
where
Mσ = Γ
σ
aΓ
σ¯
a(Γ
σ
2Γ
σ¯
2 + Γ
σ
1Γ
σ¯
2 + Γ
σ¯
1Γ
σ
2 )
+
∑
s=σ,σ¯
ΓsaΓ
s¯
1Γ
s
2(Γ
s¯
2 + Γ
s¯
2 + γ). (26)
All the spin-related parameters in Eq. (25), e.g., tan θσ =
2Ω/εσ and Γ
σ
1 = ΓLα
2
σ +ΓRβ
2
σ, are calculated by simply
replacing ε in the original expression by
ε↑,↓ = ε± 1
2
∆z, (27)
where ∆z = gµBBz is the Zeeman splitting with g being
the g factor and µB the magneton.
In Fig. 4, the charge current (Ic = I↑ + I↓) and the
spin current (Is = I↑ − I↓) are plotted versus the energy
detuning ε1 − ε2 when ΓL = ΓR. At zero detuning with
ε1 = ε2, the charge current is zero and the spin current
reaches its maximum. This is because electrons with op-
posite spins are transported with the same effective rate
but in opposite directions. Therefore, a pure spin cur-
rent without a charge current can be driven by a QPC
in this proposed device. A charge current is also induced
at non-vanishing detuning (|ε| > 0), but its direction is
sensitive to the sign of ε. Specifically, the charge current
is positive when ε1 > ε2 and negative vice versa. The
underlying mechanism can be demonstrated as follows.
When the energy detuning is deviated from the zero de-
tuning point, e.g., ε1 > ε2, the absolute value of the
spin-up current transporting from the left to the right
decreases, while that of the spin-down current transport-
ing from the right to the left increases. This results in a
positive charge current tunneling through the DQD. In
contrast to other schemes, including electron spin reso-
nance20 or photon-assisted tunneling21 in QDs, our pro-
posal does not require a fast and strong oscillating mag-
netic field. Moreover, unlike the partially polarized spin
current through a QD driven by a spin bias22 or spin-
orbit interaction,23 a pure spin current without a charge
current can be generated here and the amplitude is tun-
able via the voltage across the QPC.
In quantum transport experiments, the most well-
established readout devices are charge detectors. How-
ever, these charge-sensitive devices are insensitive to
spins. Because of the unique properties of the spin cur-
rent in our proposed setup, charge detectors can be used
to indirectly reveal the existence of the spin current. As
shown in Fig. 4, the spin current is symmetric about the
energy detuning ε1 − ε2, but the charge current has an
asymmetric dependence. If the measured charge current
is demonstrated to be asymmetric about ε, as predicted
in Fig. 4, it serves as a characteristic feature indicating
that a pure spin current occurs at the zero detuning point
in our present proposal.
VI. CONCLUSION
In our approach, the current through the zero-bias
DQD is due to the backaction of the QPC. This mecha-
nism predicts that the rate for electrons tunneling out of
the zero-bias DQD is proportional to the bias voltage ap-
plied across the QPC [see Eq. (18)]. However, in Ref. 11,
where the DQD is assumed to be coupled to acoustic
phonons [see Eq. (A4) in Ref. 11], this tunneling rate
has a polynomial relation with the bias voltage across
the QPC. We suggest that, using the setup fabricated in
Ref. 11, one can measure the rate for electrons tunneling
out of the DQD as a function of the bias voltage across
the QPC to distinguish between these two mechanisms.
In conclusion, we have developed a ME approach to
study the backaction of a charge detector (QPC) on a
DQD. We show that an electron in the DQD can be ex-
cited from its ground state to the excited state when
6the energy emitted by the QPC exceeds the eigenen-
ergy difference. This agrees well with the observations
in two recent experiments.10,11 Moreover, we propose a
new scheme to drive a pure spin current by a QPC in the
absence of a charge current.
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